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AHHoTauus. CraThd TMOCBSIIECHA HCCIECHOBAHUIO BO3MOYKHOCTEH NPUMEHEHUS
MOoa€In MapKOBHHa IIpu (1)OpMI/IpOBaHI/II/I HNHBCCTHUIITUOHHOI'O HOpT(bGJIiI C
MHUHUMAJIBHBIM YPOBHCM pPHCKa IIPpH COXPAaHCHHUHU Tpe6yeM01?I JOXOJHOCTH.
Teopernueckoit 0a30ii pabOThl BBICTYHNAET COBpPEMEHHash NMOpT(desbHAsT Teopus,
paccMaTpuBaroniad B3aMMOCBA3b MCKIAY O)KI/IIIElCMOfI JOXOJHOCTBIO (bHHaHCOBI:IX
MHCTPYMEHTOB W YpPOBHEM NPHUHUMAEMOro pucCKa. B kadecTBe 3>MIIMpPUYECKOU
OCHOBBI HUCITIOJIb30BAHbI aKIITUN KOMHaHHﬁ, MNpCACTAB/IOIIUX PA3JIMIHBIC OTPACIN
3KOHOMMUKMU, qTo IIO3BOJINIIO O6€CH€‘{I/ITB HCO6XOI[I/IM}IIO CTCIICHb
nuBepcupukanuu ucciaeayemoro noprdend. B xonme uccnenoBaHus BBIOJHEH
pacyeT Jorapu(PpMUYECKUX JOXOJHOCTEH, IIOKa3aTelied BOJATUILHOCTH H
KOBapUAIIMOHHOMW MaTpHUILbl JTOXOAHOCTEW akTUBOB. Ha OCHOBaHMH MOJyYECHHBIX
pE3yNbTATOB TMPOBEAECHA OLIEHKA XAPAKTEPUCTUK PAaBHOB3BELIEHHOTO MNOpT(ers,
IIOCJIC 4YCT'0 OCYLICCTBJICHA IIponcaypa €ro OInTuMu3alnuu ¢ IPUMCHCHUCM MOICIIN
CpEIHEE—IUCIIEPCUsA M METOJOB YCIOBHOM ONTUMM3AaUuU. J[719 4YUCIEHHOrO
peuicHusA IOCTaBJIEHHON 3a1a491 UCIIOJIb30BAJIUCh BBITUCIINTCIIbHBIC HHCTPYMCHTBI
Microsoft Excel. IMonydenHble pe3yabTaThl CBUACTEILCTBYIOT O BO3MOXHOCTH
CymECTBCHHOTO CHMXKCHHA COBOKYITHOI'O MHBECCTHIMOHHOI'O PHUCKaA 0e3 U3MEHEHHUS
[CJICBOTO YPOBHA MOXOJHOCTH. HpOBeI[eHHHﬁ dHAJIN3 TIOATBCPIKAACT BBICOKYIO

MMPaKTHUYCCKYIO 3HAaYUMOCTb MaTEMATHYCCKUX METOJ0B B YIpaBJICHUN
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Abstract. This study investigates the use of the Markowitz portfolio optimization
model to construct an investment portfolio with the lowest possible level of risk
while maintaining a predefined return target. The research is grounded in Modern
Portfolio Theory, which examines the relationship between expected returns and
the risk associated with financial assets. To ensure an adequate degree of
diversification, the analysis is based on stocks representing different sectors of the
economy. The study includes the calculation of logarithmic returns, volatility
indicators, and the covariance matrix of asset returns. Using the obtained data, an
equally weighted portfolio was evaluated and subsequently optimized through the
mean-variance framework and constrained optimization techniques. Numerical
computations were performed using Microsoft Excel. The findings indicate that
portfolio risk can be significantly reduced without compromising the desired level
of expected return. The results confirm the practical value of mathematical
methods in investment management and highlight the effectiveness of the
Markowitz approach for portfolio decision-making in financial markets.
KaoueBbie cjoBa: Mojenb MapkoBuila, HMHBECTUIIMOHHBIA  TOPT(HEb,
ONTUMM3ALMUA, PUCK, TOXOJHOCTh, AUBEPCU(PUKALMS, KOBapuauus, (pUHaAHCOBas
MaTeMaTukKa
Keywords: Markowitz model, investment portfolio, optimization, risk, return,
diversification, covariance, financial mathematics
Introduction

In the context of modern financial markets, the efficient allocation of capital
among available financial assets remains one of the central challenges of
investment analysis. Investors continuously seek to maximize portfolio returns
while maintaining risk within acceptable limits, which necessitates the application
of quantitative analytical techniques and optimization methods. Among the most

influential concepts in contemporary financial theory is the portfolio selection
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framework introduced by Harry Markowitz, which is based on the assessment of

the relationship between expected return and investment risk [1].

The Markowitz framework laid the foundation for Modern Portfolio Theory
and significantly contributed to the development of quantitative approaches to
investment management. Within this paradigm, investment risk is interpreted as
the statistical variability of asset returns and is commonly measured through
variance and standard deviation indicators [2]. A fundamental component of the
model is diversification, which enables investors to reduce overall portfolio risk by
combining assets whose returns exhibit different correlation patterns [3].

Recent advances in financial mathematics have further demonstrated that asset
allocation decisions play a critical role in determining the effectiveness of
investment strategies [4]. By incorporating covariance relationships among asset
returns and applying mathematical optimization techniques, it becomes possible to
identify portfolio compositions that minimize risk while satisfying a predetermined
return objective [1, 2]. One of the most widely used analytical tools for solving
such constrained optimization problems is the method of Lagrange multipliers,
which allows optimal solutions to be obtained under a set of specified restrictions
[5].

Although more sophisticated portfolio models have emerged over recent
decades, the Markowitz approach continues to be extensively employed in both
academic research and practical portfolio management [6]. Its enduring relevance
can be attributed to its analytical transparency, strong theoretical foundation, and
adaptability to a broad range of financial instruments and market conditions [7].

This study investigates the optimization of an investment portfolio composed
of equities representing different sectors of the economy. The analysis is conducted
using historical return data within the mean—variance framework proposed by
Markowitz. The research involves the estimation of expected returns, standard

deviations, and the covariance matrix of asset returns, followed by the

105



MockoBckui a3KOHOMUYecKuit xypHail. Ne 5. 2026
Moscow economic journal. Ne 5. 2026
determination of the portfolio allocation that achieves the minimum attainable

level of risk for a specified target return [8].

The primary objective of this research is to evaluate the effectiveness of the
Markowitz model as a tool for portfolio risk minimization. To achieve this
objective, the performance of an equally weighted portfolio is compared with that
of an optimized portfolio obtained through mathematical optimization procedures,
allowing the benefits of optimal asset allocation to be quantitatively assessed [9].

1. Data Collection.

Diversification represents one of the fundamental principles of the Markowitz
portfolio framework, requiring the allocation of investment capital across assets
originating from different sectors of the economy [1]. Such an approach
contributes to risk reduction by decreasing the dependence between the return
dynamics of individual financial instruments and enhancing the overall stability of
portfolio performance [2].

For the purposes of this study, historical monthly closing price data were
collected from the financial information platforms Yahoo Finance and
Investing.com. The selected sample included shares of Tesla (automotive
industry), Berkshire Hathaway (financial services sector), Amazon (e-commerce
industry), and Vertex Pharmaceuticals (pharmaceutical sector). Although these
companies may be influenced by common macroeconomic and market factors,
they operate in distinct industries and are not direct competitors, thereby providing
an appropriate basis for portfolio diversification in accordance with the principles
of Modern Portfolio Theory [3].

The analysis covers the period from October 2024 to September 2025,
corresponding to the most recent completed U.S. financial year. To ensure
consistency and readability, all numerical values reported in the study were
rounded to two decimal places.

Figure 1 presents the initial dataset consisting of the monthly closing stock

prices of the selected companies. These observations served as the basis for the
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subsequent estimation of asset returns, volatility measures, and portfolio risk

characteristics.

A B C D E
1 Date ~! [Tesla ~ |Berkshire A ‘Amazon Vertex ‘
2 01.09.2024 261,63 691,180 186,33 465,08
3 01.10.2024 249,85 676,96 186,4 475,98
4 01.11.2024 345,16 724,04 207,89 468,13
5 01.12.2024 403,84 680,92 219,39 402,7
6 01.01.2025 404,6 702,61 237,68 461,68
7 01.02.2025 292,98 775,00 212,28 479,79
8 01.03.2025 259,16 798,44 190,26 484,82
9 01.04.2025 282,16 800,54 184,42 509,5
10 | 01.05.2025 346,46 757,40 205,01 442,05
11 01.06.2025 317,66 728,80 219,39 445,2
12| 01.07.2025 308,27 719,85 234,11 456,87
13| 01.08.2025 333,87 755,28 229 391,02
14 | 01.09.2025 444,72 754,20 219,57 391,64

Figure 1 - Monthly closing stock prices of Tesla, Berkshire Hathaway,
Amazon, and Vertex Pharmaceuticals for the period from October 2024 to
September 2025.

2. Estimation of Expected Returns.

The return of each asset was calculated using logarithmic returns, which are
based on the natural logarithm of the relative change in the asset price. Compared
with simple arithmetic returns, logarithmic returns provide a more robust
framework for financial analysis due to their time-additive properties and their
ability to capture proportional price changes more accurately over multiple periods
[6]. Consequently, log returns are extensively employed in financial economics,
risk management, and quantitative portfolio modeling [10].

Monthly returns were computed using the following expression:

ri =ln( Pe ) 1)

P4
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where:

r; - return of the asset during the given period;

P; - closing price of the stock in the current month;
P;_; - closing price of the stock in the preceding month.

Thus, the monthly return of Tesla stock for the first observation interval
(October—November) was obtained by substituting the corresponding closing
prices into the above equation. For all subsequent periods, the calculation
procedure remained unchanged, with the current month’s closing price serving as
P;, and the previous month’s closing price serving as P;_;. The same methodology
was consistently applied to all securities included in the analyzed investment
portfolio.

The expected monthly return of each asset was then estimated as the arithmetic
mean of the calculated periodic returns over the entire observation horizon [7]. The

general expression for expected return is given by:
_ 1 z )
r= "y Ti (2)

7 - expected return of the asset;

where:

1; - return observed during a specific period;
n - total number of observations included in the analysis.
Substituting the calculated monthly returns of Tesla into the above equation

yields the expected monthly return of the asset:

~
~

1N~ —461+157+--+2867 53.05
"o 122”’ - 12 T 12
1=

Following the substitution of Tesla’s monthly return values into the expected
return formula, the average monthly return of the asset was obtained. The same
procedure was subsequently applied to the remaining securities included in the

investment portfolio. As a result, the first fundamental parameter of the Markowitz
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framework—expected asset return—was determined for each stock under

consideration [1].

It is noteworthy that the estimated expected return of Vertex Pharmaceuticals
was found to be negative over the analyzed period. From a conventional
investment perspective, such a result may suggest that including this asset in the
portfolio is economically unjustified. However, this outcome also illustrates one of
the inherent limitations of the Markowitz model, namely its reliance on historical
observations as the primary source of information. Since financial markets are
influenced by a wide range of macroeconomic, industry-specific, and firm-level
factors, historical performance does not necessarily provide a reliable indicator of
future returns [4]. This limitation has also been extensively discussed within the
framework of the Efficient Market Hypothesis, which emphasizes the uncertainty
associated with forecasting future market behavior based solely on past data [11].

Nevertheless, a negative expected return does not automatically imply that an
asset should be excluded from portfolio construction. Within the context of
portfolio diversification, securities exhibiting weak correlations with other
portfolio components may contribute to a reduction in overall portfolio volatility.
Consequently, even assets with relatively unfavorable return characteristics can
improve the risk profile of a diversified portfolio when their return dynamics differ
substantially from those of other financial instruments [2].

3. Estimation of Standard Deviation.

The second fundamental parameter within the Markowitz framework is risk,
which is quantified through the sample standard deviation of asset returns. The use
of the sample standard deviation is justified by the fact that the analysis relies on
historical observations and aims to estimate the potential variability of future asset
performance rather than merely describe past outcomes [9].

Standard deviation measures the dispersion of returns around their mean value
and therefore serves as an indicator of asset volatility [2]. Within the context of

Modern Portfolio Theory, volatility is widely regarded as the primary quantitative
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measure of investment risk, reflecting the degree of uncertainty associated with

future returns [1]. Higher levels of volatility imply greater fluctuations in asset
prices and, consequently, a higher degree of investment risk [12].
The standard deviation of an individual stock’s return is calculated using the

following expression:

GZJ =

n—1

where:
o - standard deviation of the asset’s returns;
r; - return observed during a specific period;
7 - expected return of the asset;
n - number of observations included in the sample.

By substituting the observed return values for Tesla into the above equation,
the volatility of the asset can be estimated through its standard deviation. This
measure provides a quantitative assessment of the asset’s risk by capturing the

extent to which individual monthly returns deviate from their expected value:

B2 (i - 442)?
7= 12-1

~ \/((—4.61) —4.42)" + (32.31 — 4.42)? + - + (28.67 — 4.42)?
a 11

_ \/(—9-03)2 + (27.89)% + --- + (24.25)?
- 11

~ 19.09

\/81.5409 + 777.8521 + --- + 588.0625
11

It should be noted that the mean value appearing in the standard deviation

formula corresponds to the expected return of the asset. Consequently, the
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calculated risk measure reflects the extent to which actual periodic returns deviate

from their average level. The greater the magnitude of the standard deviation, the
more volatile the asset is considered to be and, therefore, the higher the degree of
investment risk associated with holding that security [10].

The same calculation procedure was applied to all remaining stocks included in
the investment portfolio. The resulting estimates of expected returns and standard

deviations are summarized in the Excel worksheet presented in Figure 2.

Vertex _

Berkshire A ‘Amazon

Date ~! |Tesla Y

01.09.2024 261,63 691,180 186,33 465,08
01.10.2024 249,85 676,96 186,4 475,98 -4,61% -2,08% 0,04% 2,32%
01.11.2024 345,16 724,04 207,89 468,13 32,31% 6,72% 10,91% -1,66%
01.12.2024 403,84 680,92 219,39 402,7 15,70% -6,14% 5,38% -15,06%
01.01.2025 404,6 702,61 237,68 461,68 0,19% 3,14% 8,01% 13,67%
01.02.2025 292,98 775,00 212,28 479,79 -32,28% 9,81% -11,30% 3,85%
01.03.2025 259,16 798,44 190,26 484,82 -12,27% 2,98% -10,95% 1,04%
01.04.2025 282,16 800,54 184,42 509,5 8,50% 0,26% -3,12% 4,97%
01.05.2025 346,46 757,40 205,01 442,05 20,53% -5,54% 10,58% -14,20%
01.06.2025 317,66 728,80 219,39 445,2 -8,68% -3,85% 6,78% 0,71%
01.07.2025 308,27 719,85 234,11 456,87 -3,00% -1,24% 6,49% 2,59%
01.08.2025 333,87 755,28 229 391,02 7,98% 4,80% -2,21% -15,56%
01.09.2025 44472 754,20 219,57 391,64 28,67% -0,14% -4,21% 0,16%
4,42% 0,73% 1,37% -1,43%
Risk 19,09% 5,07% 8,17% 9,35%

Figure 2 - Expected return and standard deviation estimates for the selected

stocks included in the investment portfolio.

4. Construction of the Covariance Matrix.

While expected returns are required to estimate the overall profitability of an
investment portfolio, standard deviations provide a measure of the risk associated
with individual assets. However, assessing portfolio risk requires more than
evaluating the volatility of each security in isolation. It is also necessary to
examine the relationships among asset returns, as interactions between securities
can significantly influence the overall risk profile of the portfolio [2].

To capture these relationships, a covariance matrix was constructed containing
covariance estimates for every pair of assets included in the analysis. Covariance
measures both the direction and the degree of joint variation between asset returns.
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A positive covariance indicates that two assets tend to move in the same direction,

whereas a negative covariance suggests an inverse relationship between their
return dynamics [6]. The incorporation of covariance effects represents one of the
principal advantages of the Markowitz framework, as it allows portfolio risk to be
evaluated from a multidimensional perspective rather than solely through the
volatility of individual assets [1].

In modern financial theory, covariance analysis is widely recognized as a
fundamental component of quantitative risk management and portfolio
construction methodologies [13]. The general formula used to calculate covariance
is given as follows:

1 =) — ¥)

Cov(X,Y) = —]

(4)
where:

Cov(X,Y) - covariance between the returns of assets X and Y;
x;, y; - observed returns of the respective assets during period i;
X,y - mean returns of assets X and Y,

n - number of observations included in the sample.

In this study, the sample covariance estimator was employed because the
analysis is based on historical observations, which represent only a subset of all
possible market outcomes [5]. The use of sample covariance provides an unbiased
estimate of the underlying population parameters and is therefore more appropriate
for empirical financial analysis.

To ensure dimensional consistency throughout the calculations, all percentage
returns were converted into decimal form prior to the estimation process.
Accordingly, a return of 1% was represented as 0.01, and all monthly return
observations were divided by 100 before computing covariance values. This
approach is consistent with standard practices in financial modeling and is widely

adopted in empirical studies of financial markets and econometric analysis [8, 14].
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To illustrate the calculation procedure, the covariance between the returns of

Tesla and Berkshire Hathaway was estimated by substituting the corresponding
return observations into the covariance formula:
12 (x; — 0.042)(y; — 0.0073)

Cov(T,B) = 71
_ ((~0.046) — 0.042)((—0.0208) — 0.0073) + -+ + (0.2867 — 0.042)((—0.0014) — 0073)
B 11
(—0.03)
~ —— ~ —0.00273

The same procedure was repeated for all remaining pairs of assets included in
the portfolio. In addition, covariance values were calculated for each asset with
itself, which correspond to the variances of the respective securities. These
variance terms form the diagonal elements of the covariance matrix and represent
the individual contribution of each asset to overall portfolio risk.

The complete set of covariance estimates was subsequently organized into a
covariance matrix, which serves as a fundamental input for portfolio optimization
and risk assessment within the Markowitz framework. The resulting covariance

matrix is presented in Figure 3.

portion(w) covariance matrix
Tesla Berkshire [Amazon |Vertex
0,25|Tesla 0,033941| -0,00273| 0,00763| -0,006746
0,25(Berkshire | -0,00273| 0,002418( -0,00176| 0,0015626
0,25|Amazon 0,00763| -0,00176( 0,006089| -0,001196
0,25|Vertex -0,00675| 0,001563| -0,0012( 0,0080788

Figure 3 - Covariance matrix of stock returns for Tesla, Berkshire Hathaway,

Amazon, and Vertex Pharmaceuticals over the study period.

5. Estimation of the Return and Risk of the 1/N Portfolio.

Once the expected returns and the covariance matrix have been determined, it
becomes possible to evaluate the overall return and risk characteristics of the
investment portfolio. As an initial benchmark, a naive diversification strategy

based on the 1/N allocation rule is considered, where investment capital is
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distributed equally among all available assets [2]. Due to its simplicity and ease of

implementation, the equally weighted portfolio is frequently used as a reference
point when assessing the effectiveness of more sophisticated portfolio optimization
techniques [15].

The expected return of the portfolio is calculated as the weighted average of

the expected returns of its constituent assets. In general form, the portfolio return

n
R, = z wr (5)
=1

2

can be expressed as follows:

where:

R, - expected return of the portfolio;
w; - weight of asset i in the portfolio;
r; - expected return of asset i.

In the present study, the portfolio consists of four stocks. Under the equally
weighted 1/N allocation strategy, each asset receives an identical proportion of the
total investment capital. Therefore, the portfolio weights are defined as:

w; = 0.25
for all assets included in the portfolio.
Substituting the previously estimated expected returns into the portfolio return

equation yields the expected return of the equally weighted portfolio:

4
R, = z 0.25-1,=4.42-0.25+0.73-0.25+1.37-0.25 - 1.43-0.25

=1
~ 1.27%

The overall risk of a portfolio is evaluated using the standard deviation
framework while incorporating the covariance relationships among all constituent
assets. Unlike expected return, portfolio risk is determined not only by the
individual volatility of each security but also by the degree to which asset returns

move together over time [1].
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Consequently, the risk of a diversified portfolio depends on both the variances

of individual assets and the covariance structure of the portfolio as a whole. This
feature represents one of the key insights of Modern Portfolio Theory,
demonstrating that portfolio risk cannot be assessed solely by examining assets
independently.

The general expression for portfolio risk is given by:

n

oy = Z w;w; Cov(r;,1;) (6)

n
i=1j=1

For a portfolio consisting of four assets, the portfolio standard deviation can be

expressed in expanded form as:

oy = \/a)fcovll + Wicov,; + WECoVs3 + WECOV4y + 2(W1W4C0V 5 + -+ + W3W4COV34)

This formulation incorporates both the variances of the individual assets and
the covariance terms associated with every pair of securities included in the
portfolio. Consequently, portfolio volatility is influenced not only by the risk
characteristics of individual assets but also by the degree of interaction among their
returns. Such an approach provides a more comprehensive assessment of
investment risk than analyzing assets separately.

By substituting the previously estimated variances, covariances, and portfolio
weights into the above equation, the overall volatility of the equally weighted
portfolio was obtained.

The results indicate that the expected return of the 1/N portfolio equals 1.27%,
while its overall risk, measured by portfolio standard deviation, amounts to 5.25%.
These findings illustrate the risk—return characteristics of an equally weighted
allocation strategy and provide a benchmark against which the performance of
optimized portfolios can be evaluated [7].

6. Application of the Lagrange Multiplier Method.
The next stage of the study involves optimizing the portfolio structure through

adjustments to the asset allocation weights. The primary objective of this
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procedure is to minimize the overall portfolio risk while maintaining a

predetermined level of expected return [5]. Among the most widely used
mathematical approaches for solving such constrained optimization problems is the
method of Lagrange multipliers, which enables the identification of optimal
solutions subject to a set of specified constraints [5].

In the present research, the Lagrange multiplier method is employed to
determine the portfolio composition that achieves the lowest attainable level of risk
while preserving a fixed expected return. Although the method is highly effective,
its analytical implementation becomes increasingly complex as the number of
decision variables grows. Therefore, to illustrate the mathematical foundations of
the approach, a simplified portfolio consisting of two assets—Tesla and Berkshire
Hathaway—is considered. The optimization of the complete four-asset portfolio
will subsequently be performed using Microsoft Excel optimization tools [8].

The optimization objective is to achieve an expected portfolio return of 1.27%,
corresponding to the return generated by the equally weighted 1/N portfolio, while
simultaneously minimizing portfolio risk. Prior to constructing the Lagrangian
function, it is necessary to define the set of constraints governing the optimization
problem. The first constraint requires that the sum of all portfolio weights equals
one, ensuring that the entire investment budget is allocated across the available
assets. The second constraint imposes a fixed target level of expected portfolio
return [6].

The full-investment constraint can be written as follows:

w,tw, =1
The target return constraint is expressed as:
w T + wyr, = 0.0127
where:
w1, w, - portfolio weights assigned to Tesla and Berkshire Hathaway, respectively;

1,1, - €xpected returns of the corresponding assets.
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Based on the calculations presented in the previous sections, the expected

monthly return of Tesla was estimated at 4.42% (0.0442), whereas Berkshire
Hathaway exhibited an expected return of 0.73% (0.0073). The covariance matrix
required for the optimization procedure had also been obtained during the earlier
stage of the analysis.

The problem of minimizing portfolio risk subject to a predetermined return
level can be formulated using the Lagrangian optimization framework. Within the
context of Modern Portfolio Theory, the objective is to determine the vector of
asset weights that minimizes portfolio variance while satisfying both the return and
budget constraints. For a portfolio consisting of n assets, the general risk-

minimization problem can be expressed as follows [5]:

n n
L(w, Ay, 25) = 62 + Ay (2 w; — 1) + 2, (2 ;T — R) )
i=1 i=1

Based on the general optimization framework, the Lagrangian function for the
two-asset portfolio can be formulated as follows:
L(wy, wg, 44, 43)
= wio? 4+ w305 + 2w wycov(ry, 1) + A (wy + w, — 1)
+ A, (w1 + w,ry, — 0.0127)

The first three terms represent the variance of the portfolio, which serves as the
objective function to be minimized. The remaining terms incorporate the
optimization constraints through the Lagrange multipliers A, and A,, ensuring
compliance with both the full-investment requirement and the target return
condition.

After substituting the estimated asset returns and covariance parameters into
the above expression, a specific Lagrangian function was obtained for the portfolio
under consideration. The next stage of the optimization procedure involved
deriving the first-order conditions by calculating the partial derivatives of the
Lagrangian with respect to all decision variables and setting them equal to zero [5].
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The necessary conditions for an optimum are therefore given by the following

system of equations:
oL _ 0 0 =0 =0
dw, dw, oA, o1,

The resulting system of equations was solved using Microsoft Excel, which

oL oL oL

provided an efficient numerical framework for handling the constrained
optimization problem. The optimization results indicate that the optimal allocation
assigns 15.13% of the portfolio to Tesla and 84.87% to Berkshire Hathaway. For
computational convenience in subsequent calculations, these weights were rounded
to 0.15 and 0.85, respectively.

Substituting the optimized portfolio weights into the portfolio risk equation
yielded a minimum portfolio risk of 4.26% while maintaining the target expected
return of 1.27%. This outcome demonstrates that the application of the Lagrange
multiplier method leads to a substantial improvement in the portfolio’s risk profile
compared with the equally weighted 1/N portfolio, whose risk was previously
estimated at 5.25%.

The reduction in portfolio volatility, achieved without sacrificing expected
return, highlights the practical value of mathematical optimization techniques in
investment management. These findings provide empirical support for the
effectiveness of mean-variance optimization and confirm that an appropriate
allocation of capital can significantly enhance portfolio efficiency by improving
the trade-off between risk and return [4].

7. Portfolio Optimization.

Following the analysis of the simplified two-asset case, the optimization
procedure was extended to the complete investment portfolio consisting of four
stocks. Due to the increased number of decision variables and constraints, the
optimization problem was solved using Microsoft Excel, which provides efficient
computational tools for handling complex constrained optimization tasks [8].

The objective of the optimization was to identify the portfolio allocation that

preserves the target expected return of 1.27% while minimizing overall portfolio
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risk. The optimization process utilized the expected returns, standard deviations,

and covariance matrix estimated in the previous stages of the study as input
parameters [1].

The analysis was conducted within the framework of the Markowitz mean—
variance model, which seeks to determine the optimal balance between expected
return and investment risk [4]. Numerical optimization was performed using the
Excel Solver add-in, a widely used tool for solving constrained mathematical
programming problems in finance and operations research [8].

The optimization results obtained for the four-asset portfolio are presented in

Figure 4.
portion(w) covariance matrix
Tesla Berkshire [Amazon Vertex
0,12|Tesla 0,033941( -0,00273| 0,0076304| -0,006746
0,88|Berkshire | -0,00273| 0,002418| -0,0017602| 0,0015626
0,06|/Amazon 0,00763| -0,00176| 0,0060892| -0,001196
0,00|Vertex -0,00675| 0,001563| -0,001196| 0,0080788
portion(w) 0,12 0,88 0,06 0,00
Total reurn 1,27% Sheme 1/n 1,27%
Total risk T 4,22% 5,25%
Budget 1

Figure 4 - Portfolio optimization results obtained using the Microsoft Excel

Solver optimization tool.

The application of computational optimization techniques resulted in a
reduction of overall portfolio risk by 1.03 percentage points while maintaining the
target expected return of 1.27%. These findings demonstrate that an optimal
allocation of capital across assets can significantly improve portfolio efficiency
relative to the equally weighted 1/N strategy [15].

An important observation is that Vertex Pharmaceuticals was effectively
excluded from the optimized portfolio. This outcome can be attributed to the
asset’s negative expected return during the analyzed period, which adversely

affected the portfolio’s risk—return profile. As a result, the optimization procedure
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assigned either a negligible or zero weight to this security in favor of assets

offering more favorable risk-adjusted performance.

Overall, the implementation of numerical optimization methods led to the
construction of a more efficient portfolio characterized by lower risk while
preserving the desired level of expected return. These results highlight the practical
relevance of mathematical optimization techniques and computational tools in
investment decision-making and portfolio management, demonstrating their ability
to enhance portfolio performance through informed asset allocation [7].

Conclusion

This study examined the applicability of the Markowitz model for investment
portfolio optimization under the objective of risk minimization. The analysis was
based on historical closing price data for Tesla, Berkshire Hathaway, Amazon, and
Vertex Pharmaceuticals, representing different sectors of the economy. The
selection of assets from diverse industries enabled the construction of a sufficiently
diversified portfolio and provided a suitable framework for investigating the
relationship between expected return and investment risk.

Throughout the study, logarithmic returns, expected returns, standard
deviations, and the covariance matrix of asset returns were calculated. The results
confirmed that portfolio risk is influenced not only by the volatility of individual
assets but also by the interaction among their return dynamics, highlighting the
importance of diversification in portfolio construction.

As an initial benchmark, an equally weighted 1/N portfolio was analyzed, with
capital allocated uniformly across all assets. The calculations indicated that this
portfolio generated an expected return of 1.27% while exhibiting an overall risk
level of 5.25%.

Subsequently, portfolio optimization was performed using the Lagrange
multiplier method and Microsoft Excel Solver. The optimization process
successfully maintained the target expected return of 1.27% while reducing

portfolio risk to 4.26%. As a result, the optimized portfolio achieved a risk
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reduction of 1.03 percentage points relative to the equally weighted allocation

strategy.

The findings demonstrate that the Markowitz framework can significantly
improve portfolio efficiency through the optimal allocation of capital among
available assets. The analysis further revealed that securities with negative
expected returns, such as Vertex Pharmaceuticals during the examined period, may
be excluded from the optimal portfolio when their inclusion deteriorates the overall
risk—return trade-off.

At the same time, several limitations of the model were identified. The primary
drawback arises from its reliance on historical data, which may not accurately
reflect future market conditions. Financial markets are influenced by numerous
macroeconomic, political, and firm-specific factors that are not explicitly
incorporated into the classical Markowitz framework. Consequently, historical
return patterns cannot guarantee similar outcomes in future periods.

Overall, the results of the study confirm the practical relevance of quantitative
methods in investment management. The integration of the Markowitz model,
mathematical optimization techniques, and computational tools provides an
effective framework for portfolio construction, enabling investors to reduce risk
while maintaining a desired level of expected return.
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